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Nonsmooth optimization

Optimization problem

min F(x 1
min F(x), (1)
» F'is convex, proper, lower semi-continuous can be non smooth, non continuous.

» Can be constrained optimization with F'(x) = f(x) + xc(x).

» General strategy : use the structure of F', find fast iterations.

Optimization strategies
» Subgradient descent: slower than GD, used for training NN.
» Proximal Splitting : divide an conquer strategy, can be accelerated.
» Projected Gradient Descent : special case of proximal splitting.

» Conditional Gradient : Use a linearization of I’ (see last course).



Constraints VS non-smooth

Characteristic function
Let A be a subset of R™, the characteristic function y 4 of A is the function

0, ifxe A
Xalx) = {4—007 ifx¢ A )

> If Ais a closed set, xa is lower semi-continuous.

P> |If Ais a closed convex set, x4 is convex.

Equivalent optimization problems

min F(x) = Jmin F(x) + xc(x)

» Constrained OP can be reformulated as a non-smooth unconstrained OP.

» The new objective function is a sum of two functions (splitting algorithms).



Semicontinuity

\/%/\\ \I/:\\ \

Lower semi-continuous function
A function F is lower semi-continuous (l.s.c.) if for any point xo € C we have

£
x()

F(x0) < lim inf F(x)
X—+X(
» Continuous functions are l.s.c. since it implies the equality above.

» If the function is l.s.c., there exists a local affine minorant.

» If the function is I.s.c. and convex it means that the sub-differential is never
empty and the minorant is global : well defined problem.

3)



Optimization problem in machine learning

Regularized supervised learning

min  f(x) + g(x)
x€eR

» f is the data fitting term, g the regularization term.
» Usually f is smooth (K Lipschitz gradient).
» g can be non-smooth for instance Lasso regularization.

» This course will focus on the optimization of this type of non-smooth problem.

Data fiting examples Regularization examples
» Least square: > Ridge
T
i 2 <
> Logistic regression: > Lasso

f(x) = Zlog(1+exp(—yih?x)) 9(x) = /\; ||

3



Non-smooth ML problems

Linear SVM [Vapnik, 2013]

1
min §||WH2 + C’Z:Inax(o7 1—yw'hy)

Lasso regression [Tibshirani, 1996]

. 1
min o[ Xw — y||* + Alw]
w 2

Multi-task learning (MTL)
> Low rank MTL [Argyriou et al., 2008]:

. 1
min S| XW - Y||* + A\|W|[.
W 2

» Group Lasso MTL [Argyriou et al., 2008, Obozinski et al., 2010]:

d
. 1 2
min | XW - Y| +A;||Wk,;||2

(5)

(6)



Lasso regression

Data (d = 2 + 8 noisy features) Regression models MSE on train/test datasets Lasso regularization path

Least Square 1.24 — Train 0.4
Lasso — Test
03

02
0.1
0.0
-0.1

-0.2

1072 10°

Principle [Tibshirani, 1996]
. 1
min QIIXW—YIIQ+>\||W|I1

w
» For a large enough A the solution of the problem is sparse.

» Under some conditions, support of true w can be recovered [Zhao and Yu, 2006].
Qw) = lIwlh
» L1 regularization creates attraction points in 0
(see optimality condition).
» Lasso Problem is also equivalent to
. 1
min - SXwoy[?(9)

ws[[wlli <7

[ Regularization constraint

> The geometrical constraints promotes sparse S Sauared error

+ Problem solution
w on the axis.



Subgradients and subdifferential

Subgradients Subdifferential and optimality

— Fx) — F(x)
—— Flxo) +gg(x = xo) OF(x")

F(x1) + g](x — x1) Fix*)+9gl(x—x")
— F(x")+9gl(x—x")
— F(x')+0T(x—x")

— F(x1) + gJ(x = x1)

— |

Xo X1 X"
Non differentiable function

» For a convex function F'(x), g is a subgradient of F' in xo if
F(x) > F(x0) + &' (x —x0) (10)
> The set of all subgradients at xq is the subdifferential 9 f(xo).

> If F' is differentiable in x¢ there is a unique subgradient: 9f(x0) = {VxF(x)}
» Optimality : x* is a minimum of the convex function F if 0 € 9F (x*).



Exercise 1: Subgradients and subdifferential

0

F(x) = |x| F(x) = max(0, x) F(x) = max(0, x) + x F(x) = |x| + x?2
24 44
2 -
1 -
0 4
T T T 0 L T T T _2 L T T T T T
-2 0 2 -2 0 2 -2 0 2 -2 0

Find the subdifferential OF (x) for the following 1D functions:
||, at z € {—1,0,1}
F(z) = max(m 0), at z € {-1,0,1}

1.

2.
3.
4

F(r) =

(
F(
(

T

F(x

)
)=
) =

ax(z,0) +z, at z € {—1,0,1}

Ix\+93

atz € {-1,0,1}




Exercise 1: Subgradients and subdifferential

04

F(x) = |x| F(x) = max(0, x) F(x) = max(0, x) + x F(x) = |x| + x?2
24 44
2.
1_
0.
T T T 0- T T T _2 L T T T
-2 0 2 -2 0 2 -2 0 -2 0
Find the subdifferential F (x) for the following 1D functions:
1. F(z) = |z|, at z € {-1,0,1}
OF(-1)={-1},  0F(0)={g/-1<g<1},  0F(1)={1}

2. F(z) = max(z,0), at z € {-1,0,1}

3. F(z) = max(z,0) + z, at z € {-1,0,1}

4. F(z) = |z| + 22, at x € {-1,0,1}




Exercise 1: Subgradients and subdifferential

04

Find the subdifferential F (x) for the following 1D functions:

F(x) = |x|

F(x) = max(0, x)

F(x) = max(0, x) + x

F(x) = |x| + x?

04

-2 4

-2

0

2

-2

0

1. F(z) = |z|, at z € {-1,0,1}

OF(-1) = {1},

2

2. F(z) = max(z,0), at z € {-1,0,1}

OF(~1) = {0},

-2

3. F(z) = max(z,0) + z, at z € {—1,0,1}
4. F(z) = |z| + 2% at z € {~1,0,1}

0

OF(0) ={g/-1<g <1},

OF(0) ={gl0 <g <1},

oF(1) = {1}

or(1) = {1}




Exercise 1: Subgradients and subdifferential

04

Find the subdifferential OF (x) for the following 1D functions:

F(x) = |x|

F(x) = max(0, x)

F(x) = max(0, x) + x

F(x) = |x| + x?

0

-2 4

-2

0

2

-2

0

1. F(z) = |z|, at z € {-1,0,1}

OF(=1) = {1},

2

2. F(z) = max(z,0), at z € {—1,0,1}

oF(-1) = {0},

-2

3. F(z) = max(z,0) + z, at z € {-1,0,1}

OF(-1) = {0},

4. F(z) = |z| + 22 at z € {-1,0,1}

0

OF(0) ={gl-1<g <1},

OF(0) ={gl0 <g <1},

OF(0) ={gll < g <2},

aF(1) = {1}
aF(1) = {1}
aF(1) = {2}




Exercise 1: Subgradients and subdifferential

F(x) = |x| F(x) = max(0, x) F(x) = max(0, x) + x F(x) = |x| + x?
2 2 4
2.
1 14
0.
04, v SEE: / d-24 ' '
-2 0 2 -2 0 2 -2 0 -2 0
Find the subdifferential 9F (x) for the following 1D functions:
1. F(z) = |z|, at z € {-1,0,1}
OF(-1)={-1},  0F(0)={g/-1<g<1}, 0F(1)={1}
2. F(z) = max(z,0), at z € {-1,0,1}
OF(-1)={0}, 0F(0)={glo<g<1},  0F(1)={1}
3. F(z) = max(z,0) + z, at z € {—1,0,1}
OF(=1) ={0}, OF(0)={glt <g<2}, OF(1)={2}
4. F(zx) = |z|+ 2% at x € {~1,0,1}
OF(-1) ={=3}, 0F(0)={g/-1<g<1}, OF(1)={3}




Optimal solution for the Lasso

. 1
min 2 Xw — y|* + Awll

Optimality for Least Square (A = 0)

X' (y — Xwis) =0
Orthogonality between the columns of X and the residuals y — Xw7g.
Optimality for Lasso (A > 0)

06X (y—Xw") +29|lw |
Which is equivalent to
—XT(y — Xw*) € A||w |l

Using the subdifferential of the absolute value we can get Vi

{Xsign(wy)} if wi #0

Xy —Xw) el [-\A ifw =0
Ly = Xwh) e q[-AA] ifw [, A ifwy =0

{)\} if wy >0 {
(=} ifwr<0 B

What happens when max; |X.;y| < A ?



Subgradient methods

Subgradient descent (iter. k) Subgradient descent (iter. k+ 1) Subgradient descent (iter. k + 2)
—F —F —F
- oF(x¥) - oF(xk*1) . OF(xK*2)
d d d
Xk Xk +1 Xk +2 Xk +3

Subgradient descent
1: Initialize x(®
: for k=0,1,2,... do
g e 8F(x(k))
x(F+1) (k) _ p(k)g(k)
end for

agsen

» No convergence guarantee to a minimum with fixed step size p(’c> =p.

. . - 2 .
» For fixed step on L Lipschitz F' reaches an € = % approx. solution.

» Convergence for a Lischitz function is O(ﬁ) with decreasing step p*) = ﬁ

» Subgradient descent is slower than gradient descent.



Example dataset for the Lasso

Training dataset Non--smooth cost function
24 [ ]
° 10
I L R ° N
sed . s
o 01 ] '. ° °
e® o & 08¢ 0
o ° P o
—14 *% e ®
-5
-2 [ ) °
°
) 0 1 2

2D Lasso optimization problem

. 1
min o [ Xw — y[|* + Allwlh
w 2
» X is an X 2 matrix, y is a n vector with n = 50
> True model is w* = [5,0] and additive noise is added to the data.
> Least square solution is not sparse wrs = [5.32,0.30].

> )\ selected to have a sparse solution (only the relevant variable) with solution
WLasso = [4064, O]



Exemple of Subgradient Descent for the Lasso

Subgradient descent Optimization cost
25
44
204
5 5 154
10 10
N b T T ——— T
£ 04 Subgradient norm
-2 44
—4 2
M W
0 2 4 6 8 10 0 20 40 60 80 100
wy Iterations

Discussion
> Subgradient descent fixed step p*) = p does not converge.
» Oscillation around optimal value 0 for ws.

» Convergence with decreasing step size p(k) = ﬁ

> But slow convergence in O(ﬁ)



Exemple of Subgradient Descent for the Lasso

Optimization cost

Subgradient descent 9.2
0.3 :
9.1
0.2
9.0
0.1 8.9
8.8 1 T ——— T T
g 0.0{---—--- s E— Subgradient norm
-0.1 50 44
-0.24 5]
M W
-0.3 T T T T T T v T v T T
30 35 40 45 50 55 60 0 20 40 60 80 100
wi Iterations
Discussion

» Subgradient descent fixed step p(k> = p does not converge.
» Oscillation around optimal value 0 for ws.

> Convergence with decreasing step size p(®) = ﬁ
> But slow convergence in O( ).



Exemple of Subgradient Descent for the Lasso

Subgradient descent Optimization cost
25
—— Constant step size —— Constant step size
R P Decreasing step size 20 —— Decreasing step size
2] 154
10 A
~ T T —— T T
s 01 Subgradient norm
24 41
-4 2
T T T T T T T T T T
0 2 4 6 8 10 0 100 200 300 400 500
wy Iterations
Discussion

> Subgradient descent fixed step p*) = p does not converge.

» Oscillation around optimal value 0 for ws.

» Convergence with decreasing step size p(k) = ﬁ
: 1

> But slow convergence in O(—x).



Exemple of Subgradient Descent for the Lasso

Subgradient descent

0.3

0.2

0.14

-0.14

—0.24

-0.3 T T T T T
3.0 3.5 4.0 4.5 5.0 5.5 6.0

w1

Discussion

Optimization cost

9.2

9.1

9.0 A

8.9

oo

Subgradlent norm

0

100 200 300 400
Iterations

> Subgradient descent fixed step p*) = p does not converge.

» Oscillation around optimal value 0 for ws.

» Convergence with decreasing step size ,o(k) =1

> But slow convergence in O( ).

T

500



Majorization Minimization of non-smooth functions
Assumptions (separable F')

F(x) = f(x) + g(x)
» fis L-smooth and convex.

> g is convex and lower semi-continuous (can be smooth but not necessary).
Majorization Minimization of the smooth part
» Since f is L gradient Lipschitz F' can be upper bounded around x(@ by:
PO < fO) + V)T (= xO) 4 Ll - xOIF 4900, (11)

» Minimizing the upper bound above is equivalent to minimize:

min S lx — vl + 7 o(x) (12)

with
y =



Majorization Minimization of non-smooth functions
Assumptions (separable F')
F(x) = f(x) + g(x)
» fis L-smooth and convex.

> g is convex and lower semi-continuous (can be smooth but not necessary).

Majorization Minimization of the smooth part
» Since f is L gradient Lipschitz F' can be upper bounded around x(@ by:

L
P) < ) + VO 0= x )+ S = x4 g(x), (1)
» Minimizing the upper bound above is equivalent to minimize:

min S lx — vl + 7 o(x) (12)

with 1
y=x — 2/

» The solution of (12) is the proximal operator of g.

» Minimizing the upper bound iteratively corresponds to the Forward Backward
Splitting or Proximal Gradient Descent algorithm.



Proximal operator

Proximal operator for g(x) = |x|? Proximal operator for g(x) = |x|

— Jlx-u)?
— 9glu)
F(x)=3Ix—ul> +g(x)

— FX)=3x—ul?+9g(x)

u’ X

Definition [Bauschke et al., 2011]
The Proximity (or proximal) operator of a function g is:

prox, (x) = arg min_g(u) + 5u - x|
» Returns a vector minimizing g but close to x in the quadratic sense.
> Fixed point: prox (x) = x if x if an only if 0 € 9g(x) (i.e. x is minimizer).
> Non expansiveness: |prox,(x) — prox,(y)|| < [x —y|.

Exercise 2: Proximal operator for L2 norm
Compute the proximal operator for g(x) = 3 ||x||* with A > 0
Solution :



Proximal operator

Proximal operator for g(x) = |x|2

— Jlx-u)?
— 9glu)
F(x)=3Ix—ul> +g(x)

u’ X

Definition [Bauschke et al., 2011]

Proximal operator for g(x) = |x|

— Jlx-u?
— 9glu)
F(x)=3Ix —ul> + g(x)

The Proximity (or proximal) operator of a function g is:

— 3 1 2
prox,(x) = arg min g(u) + llu —x||".

» Returns a vector minimizing g but close to x in the quadratic sense.

> Fixed point: prox (x) = x if x if an only if 0 € 9g(x) (i.e. x is minimizer).

> Non expansiveness: |prox,(x) — prox,(y)|| < [x —y|.

Exercise 2: Proximal operator for L2 norm

Compute the proximal operator for g(x) = 3 ||x||* with A > 0

Solution : prox%H.Hz(X) = 10X



Properties of proximal operator

Exercise 3: Separable function g

If g(x) = > ) gr(xx) then
prox,(x) =

Exercise 4: Characteristic function of set A

0 ifxe A
If = = ’ then
g(x) = xa(x) too, ifxgA
prox,(x) =
Exercise 5: Linear function
If g(x) = b x + ¢ then
prox,(x) =

Exercise 6: Quadratic function
If g(x) = %XTAX +b"x then
prox,(x) =



Properties of proximal operator

Exercise 3: Separable function g
If g(x) =", gx(zx) then

.
prox,(x) = [prox, (z1),...,prox, (z4)]

Exercise 4: Characteristic function of set A
0, ifxe A

oo, ifxgA

If g(x) = xa(x) = then

prox,(x) = proj,(x) (projection operator)

Exercise 5: Linear function
If g(x) = b"x 4 ¢ then
prox,(x) =

Exercise 6: Quadratic function
If g(x) = 3x" Ax + b'x then
prox,(x) =



Properties of proximal operator

Exercise 3: Separable function g
If g(x) =", gx(zx) then

.
prox,(x) = [prox, (z1),...,prox, (z4)]

Exercise 4: Characteristic function of set A
0, ifxe A

oo, ifxgA

If g(x) = xa(x) = then

prox,(x) = proj,(x) (projection operator)

Exercise 5: Linear function
If g(x) = b"x 4 ¢ then
prox (x)=x—b

Exercise 6: Quadratic function
If g(x) = 3x" Ax + b'x then
prox,(x) =



Properties of proximal operator

Exercise 3: Separable function ¢
If g(x) =3, gr(xk) then

prox,(x) = [prox,, (z1),...,prox,, (za)]"

Exercise 4: Characteristic function of set A
0, ifxe A

+oo, ifx¢gA

If g(x) = xa(x) = then

prox,(x) = proj4(x) (projection operator)

Exercise 5: Linear function
If g(x) = b x + ¢ then
prox,(x) =x—b

Exercise 6: Quadratic function
If g(x) = 3x" Ax + b x then

prox (x) = (I + A)"'(x—b)



Proximal operator for L1 norm: Soft Thresholding

X>A xX<-=A —“-A=x=A
\_ 1|x up? — 1|x up? / - %lX—UV
— glu) — glu) — glu)

— F)=3x—ul? +g(x) — F)=3Ix— u|7+g(x)

MW

9(x) = Allxfls = XY |l
k

Exercise 7: Soft Thresholding operator

— F)=3Ix=ul?+g(x)

L1 norm is separable so we can compute the proximal operator for each component:
Optimality condition for proximal operator: miny % (u — ) + A|u]

If x > A then

If x < —\ then

If =A<z < Athen

i



Proximal operator for L1 norm: Soft Thresholding

xX>A xX<-=A -A=x=A
\— sx—up? — Jx—ul? / — Ix-up
— glu) — g(u) — g(u)

— FO)=3Ix=ul?+g(x) — F(x)=}Ix- u|2+g(x)

S I

9(x) = Allxfls =AY |l
k

Exercise 7: Soft Thresholding operator

— F)=3Ix=ul?+g(x)

L1 norm is separable so we can compute the proximal operator for each component:
1. Optimality condition for proximal operator: min, (u — z)* + Ay
u* € x— AOu”|
2. If x > A then

3. If z < =) then
4. If =X <z < )\ then



Proximal operator for L1 norm: Soft Thresholding

xX>A xX<-=A -A=x=A
\— sx—up? — Jx—ul? / — Ix-up
— glu) — g(u) — g(u)

— FO)=3Ix=ul?+g(x) — F(x)=}Ix- u|2+g(x)

S I

9(x) = Allxfls =AY |l
k

Exercise 7: Soft Thresholding operator

— F)=3Ix=ul?+g(x)

L1 norm is separable so we can compute the proximal operator for each component:
1. Optimality condition for proximal operator: min, (u — z)* + Ay
u* € x— AOu”|
2. If z > A then v* =z — X (u <0 not possible)

3. If z < =) then
4. If =X <z < )\ then



Proximal operator for L1 norm: Soft Thresholding

xX>A xX<-=A -A=x=A
\— sx—up? — Jx—ul? / — Ix-up
— glu) — g(u) — g(u)

— FO)=3Ix=ul?+g(x) — F(x)=}Ix- u|2+g(x)

S I

9(x) = Allxfls =AY |l
k

Exercise 7: Soft Thresholding operator

— F)=3Ix=ul?+g(x)

L1 norm is separable so we can compute the proximal operator for each component:
1. Optimality condition for proximal operator: min, (u — z)* + Ay
u* € x— AOu”|
2. If z > A then v* =z — X (u <0 not possible)

3. If x < =X then uw* =2+ A(u > 0 not possible)
4. If =X <z < )\ then



Proximal operator for L1 norm: Soft Thresholding

X>A X<-=A —“-A=x=A
\— Lx—ul? — ix-ul? / — ix-ul?
— g(u) — g(u) — g(u)

— F(x)=3Ix=ul> +g(x) — F)=%x—ul? +g(x)
- )

- -2
0 u* X X u 0

9(x) = Allxlls =AY |l
k

Exercise 7: Soft Thresholding operator

— Fx)=3Ix-ul>+9g(x)
—o— *A

L1 norm is separable so we can compute the proximal operator for each component:
1. Optimality condition for proximal operator: min,, %(u — )%+ Ayl
u* €z — NO|u”|
2. If x> Athen u* =2z — X (u <0 not possible)

3. If z < =X then u* = + A(u > 0 not possible)
4. If =A<z < XAthen —A<z—u* < Xonly for u* = 0.



Proximal operator for L1 norm: Soft Thresholding

x> x<-A —-Asx=A
\— Lx—ul? — lx-ul? / — ix-ul?
— g(u) — g(u) — g(u)

— F)=3x—ul?+g(x) — F)=3x—ul?+g(x)
eV

- -2
0 wu’ X X u* 0

— F)=3x—ul?+g(x)
- A

9(x) = Allx[le = XD [ax]
k
Exercise 7: Soft Thresholding operator
The proximal operator for A|| - ||1 is the soft thresholding operator:
z—X ifz>A
prox,, (x) =10 if [z] <A = sign(x)max(0,|x| — A)

z+ A ifx< =\

The soft thresholding operator shrinks the values of x towards 0 and promotes sparsity.



Examples of separable proximal operators

Penalty function w(x)

3 [
w(z) =
25 w(z) = |a]
N w(z) = 3a*
2t w(z) = '
w(z) = |z|2
1.5 F
1 L
05 \
(— ‘ L ‘
-2 -1 0 1 2

g(x)=0

g(x) = Allx13
9(x) = Allx[x
g(x) = AlxI}/3
9(x) = xc(x)

prox,(x) = x1
proxg(x) =X

prox (x) = sign(x) max(0, |x| — A)
[Xu et al., 2012, Equation 11]
prox,(x) = argn;in Hlu—x|?

ue

Proximity operator prox,(z)

21
3+
2 1 0 1 2
xT
identity
scaling

soft shrinkage
power family
orthogonal projection.

» Both |z| and \x|% promote sparsity (soft thresholds).



Proximal operator in 2D

gx)=3Ix2(A=1)

gix) = x> A=2)

3
—— x! —o— x!
1 == proxgpix) 5] 7 proxi gty
- x? —— x2
—¢= proxy.z(x?) —x = prox|.3(x?)
1 1
1 04
/ /
1 14
1 24
T T T T -3 T T T T T
-3 -2 -1 0 1 -3 =2 -1 0 1 2 3
g(x)=|x|1 (A=1) 3 9(x)=2|x|1 (A=2)
—e— x! —— x!
%= proxp (x| | 21 proxz.|,(x*) |
- x? —— x?
~x~ prox.,(x?) —>= proxy.|,(x?)
i it 14 AN
p - 04 SN oY <RSI
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Proximal Gradient Descent (PGD)

min  F(x) = f(x) + g(x)

x€R4

PGD algorithm [Combettes and Pesquet, 2011][Parikh and Boyd, 2014].
1: Initialize x(©
2: for k=0,1,2,... do
30 d® — —v (™)
4 x* « prox ), (x* + p™d®)
5: end for
One gradient step w.r.t. f and one proximal step w.r.t. g.
Also known as Forward Backward Splitting (FBS) [Combettes and Pesquet, 2011]

| 4

>

» Efficient when the proximal operator is simple to compute (closed form).

» When g is a characteristic function, FBS/PGD is the projected Gradient Descent.
| 4

. . . . o ek . . 2
Optimal solution is a fixed point: x* min of I implies that for p < &

—-Vfx")edgx*) & x"= proxpg(x* — pVf(x*)) (13)



Convergence of PGD

Convergenge for L-smooth [ [Beck and Teboulle, 2009]

For and L-smooth function f and a convex g the PGD with step size p < % converges
to a minimum of F' with the following speed:

L x
Fx®) = Fx') < o 5@ = 7

Convergence for L-smooth and p-convex f

For and L-smooth and p-convex function f and a convex g the PGD with step size
p < % converges to a minimum of F' with the following speed:

k
Ix® —x) < (1= 4) Ix® = x|

Sketch of proof
[x* —x"|| = [lprox,,, (x* — pV f(x*))) — x|

= [lprox,, (x*™ — pV f(x*)) — prox,, (x* — pV f(x"))||

A

2

"™ = pV f(xM) = x* = pV £ ("))

Next steps are similar to proof of Gradient descent convergence.

IUse fixed point property (13)
2Use non-expansiveness of proximal operator



Exercise 8: Solving the Lasso with PGD

. 1 2
min 5 |[Hx—y]| +/\2k:|xk|
Known as lterative Soft Thresholding Algorithm (ISTA) [Beck and Teboulle, 2009].

1. Express the smooth function f and non-smooth functions g for the problem above

fx) = g9(x) =

2. Compute the gradient V f(x) and express the proximal of g.
Vix) = prox,(x) =
3. Express the FBS algorithm in Python/Numpy for solving the lasso with a fixed
step rho :
def lasso(H,y,reg,rho,nbiter):
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Exercise 8: Solving the Lasso with PGD

. 1 2
min 5 |[Hx—y]| +A2k:|xk|
Known as lterative Soft Thresholding Algorithm (ISTA) [Beck and Teboulle, 2009].

1. Express the smooth function f and non-smooth functions g for the problem above

00 = JIEx—yP g =AY faul

2. Compute the gradient V f(x) and express the proximal of g.
Vfx)=H"(Hx —y) prox,(x) = sign(x) max(0, [x| — A)
3. Express the FBS algorithm in Python/Numpy for solving the lasso with a fixed
step rho :
def lasso(H,y,reg,rho,nbiter):



Example: PGD/ISTA for solving the Lasso

Proximal Gradient Descent Optimization cost
254
4 —— Sugradient descent
204 —— Proximal Gradient Descent
2] 5 15 4
10 10 1
~ T T ——— T T
s 019 0 Subgradient norm
44
—24
N 21
I Sugradient descent ™
—— Proximal Gradient Descent
04
T T T T

o4

0 2 4 6 8 10 2‘0 4‘0 6‘0 8‘0 160
wy Iterations
Discussion
> PGD with fixed step p®*) = p is more stable than subgradient descent.
» No oscillation and only monotonous decrease.
» One variable is exactly 0 after 20 iterations.

» 2 regimes: support selection and then optimization of the subset of non-zeros
components (that can be strongly convex on the subset).



Example: PGD/ISTA for solving the Lasso

Optimization cost
™
—— Sugradient descent
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Discussion

» PGD with fixed step p(k) = p is more stable than subgradient descent.
» No oscillation and only monotonous decrease.
» One variable is exactly 0 after 20 iterations.

» 2 regimes: support selection and then optimization of the subset of non-zeros
components (that can be strongly convex on the subset).



Accelerated Proximal Gradient Descent (APGD)

PGD with Nesterov acceleration [Beck and Teboulle, 2009]

1

N

a s

: Initialize y™® = x@ ¢ =1
:fork=1,2,... do

X e prox, o, (" = p®V f(y*)
JUet 1) 1/14ae())?
2
k) _ _
3,(;c+1) e x®) o Bt () (k)
o en or

» Use a similar momentum to accelerated gradient.
» The function might not decrease at each iteration due to the momentum.
» Convergence for and L-smooth function f is :

ny < 2L —

F™) - F(x*) < e

> Also known as Fast Iterative Shrinkage-Thresholding Algorithm (FISTA) when
applied to the Lasso [Beck and Teboulle, 2009].



Example: Accelerated PGD/FISTA for the Lasso

Accelerated Proximal Gradient Descent Optimization cost
254
4 —— Proximal Gradient Descent
20 —— Acc. Proximal Gradient Descent
24 5 15
104
~ T T —— T T
£ 0 10 Subgradient norm
4
24
24
P Proximal Gradient Descent
—— Acc. Proximal Gradient Descent
T T T T 0 T T T T T T
0 2 4 6 8 10 0 20 40 60 80 100
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Discussion

> Accelerated PGD with fixed step p®) = p is faster than PGD.
» Inertia causes overshooting and oscillations but the algorithm converges faster.
» One variable is exactly 0 after 20 iterations.

» 2 regimes: support selection and then optimization of non-zeros components.



Example: Accelerated PGD/FISTA for the Lasso
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> Accelerated PGD with fixed step p®) = p is faster than PGD.
» |nertia causes overshooting and oscillations but the algorithm converges faster.
» One variable is exactly 0 after 20 iterations.

» 2 regimes: support selection and then optimization of non-zeros components.



Chambolle-Pock Algorithm

Assumptions

min  F(x) = f(Ax) + g(x)

x€R™

» Both f and g are convex (no smoothness necessary).

> A is a linear operator (not needed to be square or invertible).

Chambolle-Pock Algorithm [Chambolle and Pock, 2011]
. Initialize x© = %@ y(© 51 p, >0,0<6< 1
: fork=1,2,... do
y D proxplf(y('€> + p1Ax ()
x5 ¢ prox,,, (x — p, ATy D)
R(EFD (D) g (e+1) _ 4 (6))
end for

SO S o e

» Generalization of the Douglas-Rachford splitting (with a linear operator A).
> 0 allows to use a momentum when > 0.

» Interesting when the prox of f and g are efficient.



Vu-Condat Algorithm

Assumptions
min  f(x) + g(x) + h(Ax)

» f convex and L-smooth, A is a linear operator.

» g and h are convex and have "simple” proximal operators.

Vu-Conda Algorithm [Vii, 2013, Condat, 2014]

. Initialize x(© = %0, y(© = $(©) ,PpL,p2>0,0<0<1
2. for k=1,2,... do
3 x5 prox,, (59 — paVF(x®) — pATy®)
g gBED gD gD _ (8
5.y Prox,, ;- F® + prA2xFHD — x(R)y)
6: y(k+1) — y(k+1) + 0(y<k+1) _ y(’ﬂ)
7: end for

> prox,,.(x) = x — pprox, ,,(x/p) is the proximal operator of the
Fenchel-Rockafellar conjugate of h also called convex conjugate.

» General formulation in parallel with h(Ax) = ", hi(A;x) in [Condat, 2014].



Alternating Direction Method of Multipliers
(ADMM)

Optimization problem and augmented Lagrangian

min f(x) + g(z) st. Ax+Bz=c

x€ER™ zcR™
The augmented Lagrangian of the problem is expressed as:

Ly(x.2,y) = f(x) +9(z) +y' (Ax+ Bz — ) + [||Ax + Ba—c|*  (14)

ADMM Algorithm [Boyd et al., 2011]

. Initialize x(o),z(o),y(o),p >0
:fork=1,2,... do

x(B+1) arg miny Lp(x,z(k),y(k))

Z(kJrl) < arg mil’lz Lp(x(k+l)7 z, y(k))

y D y®) 4 p(AxEHD 4 BzFHD —¢)
end for

SR I

» Updates 3 and 4 can often be expressed as proximal updates.

» When f or g is separable, the updates can be done in parallel.



Example: 2D Total Variation denoising

x[m,n] with noise TV A=0.01

d,d—1 d—1,d
. 2
min - [[Y = X[[F + A ( D Xy = Xigrl+ Y Xy — Xz‘+1,j|>
XeRy i=1,j=1 i=1,j=1
» Image Y is noisy but a clean X that has piecewise constant parts.
» The regularization term measure the total variation (L1 norm of the gradients) of

the image horizontally and vertically.

Exercise 9 (optional): Solve the problem
» For each algorithm: ADMM, Chambolle-Pock and Vu-Conda.
» Reformulate the problem with and without positivity constraints (recover f, g, h).

» Which algorithms can be used if the first term is |[Y — H * X||% (deconvolution)?



Conclusion

Non--smooth optimization algorithms Optimization cost

£ 00

-0.1

—— Subgradient descent

Subgradient descent with decreasing step size
-02 : N
10-7 | — Proximal Gradient Descent

—— Acc. Proximal Gradient Descent

-03
30 35 40 45 50 55 6.0 0 20 40 60 80 100

" Iterations

Proximal methods [Parikh and Boyd, 2014]
» General strategy of proximal splitting: divide and conquer the objective function.
Search for a stationary point, avoid subgradients.

PGD/APGD for simple problems, ADMM or other for more complex splitting.

>
>
» For sparse optimization, intermediate iterates are sparse and better conditioned.
» Works also for non-convex problems [Attouch et al., 2010].

>

For deep learning non-convex problems subgradient descent is often used
[Goodfellow, 2016].
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